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Wave Scattering in Moving Media
across the Subluminal-Interluminal Regimes
Zoe´-Lise Deck-Le´ger, Student, IEEE, and Christophe Caloz, Fellow, IEEE
Abstract—Wave scattering in moving media has been abun-
dantly studied since Einstein’s elaboration of the relativity theory,
but certain aspects of the problem have been overlooked in
the literature. This paper sheds light on some of these aspects.
Specifically, it addresses the problem of wave propagation in a
medium moving at a uniform constant velocity v at an arbitrary
angle with respect to the direction of motion, where it provides
the following two contributions. First, it complements the usual
dispersion or refractive index relations and diagrams by their
impedance counterparts. Second, it compares the subluminal
regime (0 < v < c/n′, n′: medium index) and interluminal
regimes (c/n′ < v < c), revealing a transformation from elliptical
to hyperbolical characteristics at the transition between the two
regimes, and related physical effects, both for an unbounded
moving medium and at the interface with such a medium.
Index Terms—Spacetime, relativity, subluminal and interlu-
minal regimes, isofrequency diagram, refractive index diagram,
impedance diagram.
I. INTRODUCTION
THE study of light propagation in moving media has ahistory of over 200 years. In 1818, Fresnel theoretically
predicted that a moving medium should exert a drag on
light propagating in it, and calculated the amount of this
drag in terms of increased, resp. decreased, velocity for light
propagating along, resp. against, the direction of motion of
the medium1 [1]. Fizeau confirmed this prediction in 1851 by
measuring the wave velocity of light in flowing water in his
famous interferometric experiment [2], and Minkowski derived
the corresponding equations of electrodynamics using Ein-
stein’s postulate of special relativity2 [3]. The interest for the
topic was revived in the second part of the 20th century, with
Kong describing moving media as bianisotropic [4], [5], many
works reporting modified Snell law and Fresnel coefficients at
the interface with moving media [6], [7], and works studying
nonuniformly moving media such as vortices [8].
The deflection of electromagnetic waves in moving media
has been commonly described by the dispersion relation, ω(k),
or by the refractive index relation, n(θk), which represents the
refractive index as a function of the angle of wave propagation
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1According to his theory, the wave velocity increment or decrement is
not just the velocity of the medium, v, but v(1 − 1/n′2), where n′ is the
refractive index of the medium at rest, which leads to the wave velocity
vw = c/n′ ± v(1 − 1/n′2).
2The exact wave velocity was found by Einstein as vw = [(c/n′)±v]/[1+
(v/n′)/c], which reduces to reduce to the Fresnel-Fizeau result when v ≪ c,
using 1/(1 + x) ≈ 1− x for x≪ 1.
at a given temporal frequency (ω), with the phase and group
velocities found as the inverse of the radius and gradient of
the ω(k) curve, respectively. These representations are also
commonly used to graphically determine the reflection and
refraction angles at the interface of bounded media upon
applying the appropriate phase matching conditions. However,
they are restricted to the directions and velocities of the waves
interacting with the moving media, and do not provide any
information on the amplitudes of the scattered waves.
In order to fill up this gap, we show that the description
of wave scattering in moving media is advantageously com-
plemented by an impedance relation, η(θS), which represents
the impedance as a function of the angle of wave propagation.
More importantly, we unveil the physics of wave scattering in
the interluminal regime, which will be defined next.
II. SUBLUMINAL AND INTERLUMINAL REGIMES
We consider a medium moving at the constant and uniform
velocity v with respect to the laboratory frame3, and use
the relativity convention of unprimed and primed variables
to denote quantities measured in the laboratory frame and in
the moving-medium frame, respectively. We distinguish the
following two regimes:{
v ∈ [0, v′w] : subluminal regime
v ∈ [v′w, c] : interluminal regime
}
,where v′w =
c
n′
(1)
is the wave velocity measured in the frame of the moving
medium, i.e., where the medium is at rest since v′ = 0
by definition. We assume that the medium is temporally
dispersionless, i.e., n′ 6= n′(ω), so that n′ is a constant
throughout the paper, and the phase and group velocities in
the moving frame, v′p and v
′
g, are also constant, and equal
to each other, i.e., v′p = v
′
g = v
′
w = c/n
′. According to the
definition (1), the subluminal regime corresponds to medium
velocities that are smaller than both the velocity of light in
the medium at rest (v′w), and the velocity of light in free space
(c), while the interluminal regime corresponds to medium
velocities that are still smaller than the velocity of light in
free space – the maximal velocity for matter – but larger than
the velocity of light in the medium at rest, and is thus the
regime where a uniform-velocity electron emits Cherenkov
radiation [9], [10].
Figure 1 shows the most fundamental difference between
the subluminal and interluminal regimes. This difference exists
even, as represented in the figure, in the 1D-problem where
3Reference frame, where the quantities of ultimate interest are measured.
2the wave propagates exclusively in the direction of the medium
motion. In the limiting case of a non-moving medium (v = 0),
the waves radiated by the source to the left and to the right
propagate at the same velocity, v±w = vw = v
′
w = c/n
′ = c/n.
If the medium has been set into motion within the subluminal
regime, the downstream wave is faster then the upstream
wave4. As an analogy, a motorboat on a river with a fixed
motor speed travels faster downstream than upstream, due
to the assisting and opposing effects of the stream. At the
limit of the interluminal regime (v = v′w), the velocity of
the upstream wave is exactly compensated by the velocity
of the stream, so that the pulse appears motionless in the
laboratory frame. Beyond this point is the interluminal regime
(v > v′w), represented in Fig. 1(b); now the velocity of the
wave launched towards the left is overcompensated by the
velocity of the medium, and the pulse acquires a net velocity in
the direction of the stream, leading to two downtream waves5
of different velocities: despite its upstream motor motion,
the boat effectively travels downstream due to the dominant
velocity of the stream.
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Fig. 1. Most fundamental difference between the subluminal and interluminal
regimes, observable even in the 1D-problem. The source is fixed in the
laboratory frame and radiates in the medium moving at the velocity v with
respect to it. (a) Subluminal regime: downstream propagation is faster than up-
stream propagation, due to the drag effect. (b) Interluminal regime: upstream
propagation is prohibited, resulting in two waves propagating downstream
with different velocities.
Although uncountable works have been done on the prop-
agation of waves in moving media, the double-downstream
wave phenomenon characterizing the interluminal regime has
received surprisingly little attention in the literature. It is
qualitatively described in [5], [12] for the 1D case. We shall
next extend our study to wave propagation at arbitrary angles
with respect to the direction of medium motion.
III. EXPLICIT MAXWELL EQUATIONS
This section establishes a mathematical framework to ulti-
mately derive the relations between the electromagnetic fields
and their temporal and spatial frequencies, as a basis for
computing refractive index and impedance relations in the
following section.
A. Constitutive Relations
We consider that the medium is isotropic (n′ 6= n′(k)),
in addition to being temporally nondispersive, and that it
4Originating from the same source, the two wave pulses are assumed to have
the same temporal duration, ∆t. Since they propagate at different velocities,
they will have the different spatial extents ∆z± = v±∆t in the moving
medium as seen from the laboratory.
5This effect is different from the effect of motion-induced birefrin-
gence [11], since here the two waves have the same polarization.
is uniformly moving with the constant rectilinear velocity
v = vzˆ. In the medium frame, the constitutive relations are
D′ = ǫ′E′, B′ = µ′H′. (2)
The corresponding relations in the laboratory frame are found
by applying the Lorentz transformations [13] to the fields in (2)
and rearranging the result so as to express D and B in terms
of E and H. This results into the bianisotropic relations
D = ǫ · E+ ξ ·H, (3a)
B = µ ·H+ ζ · E, (3b)
where
ǫ = ǫ′

α 0 00 α 0
0 0 1

 , µ = µ′

α 0 00 α 0
0 0 1

 , (4a)
ξ =

 0 χ/c 0−χ/c 0 0
0 0 0

 , ζ = −ξ, (4b)
α =
1− v2/c2
1− v2n′2/c2 , χ =
v
c
1− n′2
1− v2n′2/c2 . (4c)
Note that α > 0 in the subluminal regime while α < 0
in the interluminal regime, and that χ ≷ 0 in the subluminal
regime while χ ≶ 0 in the interluminal regime for n′ ≷ 06.
B. TMy Polarization
In the sequel of the paper, we consider a TMy-polarized
wave propagating in the (x, z) plane, with
H = Hyˆ, E = Exxˆ+ Ez zˆ = E (cos θSxˆ− sin θSzˆ) (5)
as illustrated in Fig. 2. The orthogonal triads (k,D,B) and
(S,E,H), where S is the Poynting vector (S = E×H), are
not aligned due to the motion-induced bianisotropy [5].
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Fig. 2. TMy-polarized wave propagating in an unbounded moving medium.
Due to bianisotropy, the wave vector, k, and the Poynting vector, S, propagate
in the different respective directions θk and θS with respect to the motion of
the medium.
The Maxwell equations for TMy-polarized waves reduce to
− kxEz + kzEx = ωBy, (6a)
kzHy = ωDx, kxHy = −ωDz. (6b)
Inserting (3b) into (6a) yields
Ex(kz − ωχ/c)− kxEz = ωµ′αHy, (7a)
while inserting (3a) into (6b) yields
Ex =
kz − ωχ/c
ωǫ′α
Hy, Ez = − kx
ωǫ′
Hy. (7b)
6The parameters α and χ are relativistic (v/c-dependent), with χ being in
addition nonreciprocal (not v-even) [14] via magnetoelectric coupling (ξ, ζ).
3IV. REFRACTIVE INDEX AND IMPEDANCE RELATIONS
The three equations in (7) involve two variable triplets of
different natures, the dispersion relation triplet (kz , kx, ω) and
the field triplet (Ez , Ex, Hy). As we shall show next, the
former leads to the refractive index relation while the latter
leads to the impedance relation.
A. Refractive Index Relation and Velocities
The dispersion relation is obtained by inserting (7b)
into (7a). It reads(
kz − ω
c
χ
)2
+ αk2x =
(
αn′
ω
c
)2
, (8)
and the group velocity vector is found by successively differ-
entiating this relation with respect to kz and kx, which yields
vg = ∇kω(k) = αkxxˆ+ (kz − ωχ/c)zˆ
ω(αn′/c)2 + χ/c(kz − ωχ/c) , (9a)
while the phase velocity vector is given by
vp = (ω/k)kˆ = (c/n) kˆ, (9b)
with kˆ = k/k. The vector vp is directed along the radial
vector kˆ, subtended by the polar angle θk, while the vector
vg is perpendicular (since it corresponds to the gradient) to
the contour curves of ω(kz, kx) evaluated at a fixed frequecy
ω = ω0. The Poynting vector is also perpendicular to the
contour curves [5], and thus the vectors vg and S share the
same polar angle, θS.
The relation (8) may be normalized with respect to the free-
space wavenumber k0 = ω/c, and expressed in terms of the
refractive index components nz = kz/k0 and nx = kx/k0, as
(nz − χ)2 + αn2x = (αn′)2 , (10a)
or alternatively in polar form, substituting nz = n cos θk and
nx = n sin θk with n = k/k0 =
√
k2z + k
2
x/k0, as
(n cos θk − χ)2 + α (n sin θk)2 = (αn′)2 . (10b)
These relations are the refractive index relations. The inde-
pendence of these relations from ω indicates that the medium
remains temporally nondispersive (n 6= n(ω)) when it is set
in motion7. The relations (10) are the equations of an ellipse
for α > 0 (subluminal regime) and of a hyperbola for α < 0
(interluminal regime), both centered at (nz , nx) = (χ, 0)
8.
Figure 3 plots the normalized dispersion relations, or equiv-
alently the refractive index relations, and the phase and group
velocity vectors. Figure 3(a) corresponds to the subluminal
regime. It confirms the particular result of Sec. II that the
velocity is greater for downstream propagation (θk = 0) than
for upstream propagation (θk = π) [Fig. 1(a)]. Moreover,
it shows that the maximal velocity is not the downstream
velocity, but the velocity at an oblique angle where the phase
and group velocities are collinear (here at θk ≈ 75◦).
7The slope of the normal to the nx(nz) or n(θk) curve is found by
differentiating (10a) with respect to nx, isolating the slope expression,
−∂nz/∂nz , and k0-denormalizing. It is equal to the slope of vg, given
from (9a) as αkx/(kz − ωχ/c).
8The rest-medium relations are retrieved by setting v = 0. We obtain α = 1
and χ = 0, from (4c), and circular refractive index curves with radius n′.
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Fig. 3. Normalized dispersion relation, or refractive index relation, with phase
and group velocity vectors for a moving dielectric medium with n′ = 2
(v′w = c/2) in the TMy configuration of Fig. 2. (a) Subluminal regime, with
velocity v = 0.45c < v′w . (b) Interluminal regime, with v = 0.8c > v
′
w . The
dashed circles are for v = 0.
Figure 3(b) corresponds to the interluminal regime. It
confirms the particular result of Sec. II that this regime
involves no upstream solution and two downstream solutions
(θk = 0) with different but aligned velocities [Fig. 1(b)].
In the asymptotic limit k¯z, k¯x → ∞, the hyperbola (10a)
degenerates into the straight lines k¯x = ±k¯z/
√
α. In this
limit the group velocity angle is maximal. It’s slope is ±√α,
since it is perpendicular to the asymptote, and therefore wave
propagation is restricted to the angular sector delimited by the
angles θS = arctan(±
√
α).
B. Impedance Relation
The field relation is obtained by expressing the terms kz −
ωχ/c and kx in terms of the fields in (7b), and substituting
the result into (7a). It reads
ǫ′
µ′
E2x
H2y
+
ǫ′
µ′α
E2z
H2y
= 1. (11)
This relation may be rewritten in terms of the wave impedance
components ηz = Ex/Hy and ηx = Ez/Hy as
αη2z + η
2
x = η
′2α, (12a)
where η′ =
√
µ′/ǫ′ = E′/H ′, or alternatively in polar
form, by substituting from (5) Ex/Hy = (E/H) cos θS and
Ez/Hy = (E/H) sin θS, with η = E/H , into (11), as
η2
(
α cos2 θS + sin
2 θS
)
= η′2α. (12b)
4The relations (12) are the equations of an ellipse for α > 0
(subluminal regime) and of a hyperbola for α < 0 (interlumi-
nal regime), both centered at (ηz , ηx) = (0, 0), and represent
the impedance relation of the moving medium.
Figure 4 plots typical impedance diagrams. Figure 4(a)
corresponds to the subluminal regime. It shows that the
impedance is unaffected by motion for downstream and up-
stream propagation, i.e., η(0◦) = η(180◦) = η′9 while for
all the other angles we have η > η′, with maximal wave
impedance at θS = π/2, 3π/2.
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Fig. 4. Impedance diagram [Eq. (12))] for a moving dielectric medium with
n′ = 2 (v′w = c/2) and η
′ = η0/2. (a) Subluminal regime, with velocity
v = 0.45c < v′w . (b) Interluminal regime, with v = 0.8c > v
′
w . The dashed
circles correspond to the isotropic curves at v = 0.
Figure 4(b) corresponds to the subluminal regime. Consis-
tently with the finding of Sec. IV-A, the Poynting vector is
restricted to the angular sector θS ≤ arctan(±
√
α). Since the
impedance is only meaningful in this sector, the left branch of
the hyperbola does not correspond to physical solutions.
V. SCATTERING AT INTERFACE WITH MOVING MEDIUM
Let us now study the scattering at a stationary interface
between free space and the moving medium1011.
Figure 5 presents a graphical solution for scattering from
the interface in the subluminal case. The procedure is as fol-
lows: 1) plot the refractive index relations and the impedance
relations for both media, i.e., n1(θk) and n2(θk) and η1(θS)
and η2(θS), in corresponding diagrams; 2) locate the incident
wave on the n1 curve, for the selected θki; 3) apply the phase
matching condition by tracing a horizontal line corresponding
to the conservation of kx/k0, and identify the intersections of
this line with the refractive index curves; 4) at the intersection
points, trace the Poynting vector angles θSr and θSt as the
normal directions to the curves; 5) translate these angles on
the impedance diagram, to locate the solutions ηi,r = η1(θSi,r)
and ηt = η2(θSt). These can then be used to calculate the
Fresnel coefficients for the magnetic field
Γ =
ηi cos θSi − ηt cos θSt
η1 cos θSi + ηt cos θSt
,T =
2ηi cos θSi
ηi cos θSi + ηt cos θSt
. (13)
9Indeed, the transverse components of the E and H fields transform the
same way under Lorentz transformation and their ratio is thus invariant.
10An analogy of such a system could be a conveyor belt, which can be in
motion while its ends are at a fixed position.
11Graphical solutions to some moving interfaces are presented in [15], [16].
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Fig. 5. Graphical solution for scattering from the interface between free space
and the moving medium, for v = 0.6c and θi = 60
◦. (a) Refractive index
diagram. (b) Impedance diagram. Inset: scattering represented in space.
Figure 6(b) presents the corresponding graphical solution
for the interluminal regime, which follows the same procedure.
The two waves in the moving medium are found to propagate
symmetrically with respect to the z axis, and we conclude
from the symmetry of the impedance curve that they see the
same impedance. In this case, the calculation of the scattering
coefficients is more involved: there are three scattered waves
but only two continuity equations, and so the problem is
undetermined. This problem is reminiscent to the problem of
scattering from an interluminal moving interface [17], and will
be addressed elsewhere.
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Fig. 6. Same as Fig. 5, but for the interluminal regime, with v = 0.9c.
VI. CONCLUSION
We have derived the refractive index and impedance rela-
tions for moving media, plotted the results in related diagrams
in both the subluminal and interluminal regimes, and graph-
ically solved the problem of scattering at an interface with a
moving medium.
This work complements the works on moving media by
providing an additional perspective. It may be advantageously
used in the research on spacetime media [18], [19].
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